Abstract. A. Borel proved that, if the fundamental group E of an aspherical manifold M is centerless and the outer automorphism group of E is torsionfree, then M admits no periodic maps, or equivalently, there are no non-trivial finite groups of homeomorphisms acting effectively on M . In the literature, taking off from this result, several examples of (rather complex) aspherical manifolds exhibiting this total lack of periodic maps have been presented.
Preliminaries
Let us start with some notational remarks used throughout this paper. If G is a group, Aut(G) denotes the group of automorphisms of G. If g is an element of G, we write µ(g) for the conjugation in G determined by g; i.e. µ(g)(x) = gxg −1 . Then µ(G) is the inner automorphism group, Inn(G), and Out(G) = Aut(G)/ Inn(G) is the outer automorphism group of G. Write p : Aut(G) → Out(G) for the natural projection. A group G is said to be complete if it has trivial center Z(G) and all its automorphisms are inner; i.e. Out(G) = {1} = Z(G) and Aut(G) ∼ = G.
For a normal subgroup N of G, Aut(G, N ) denotes the group of all G-automorphisms mapping N into itself and Out(G, N ) = Aut(G, N )/ Inn(G) . Of course, if N is characteristic in G, Aut(G, N ) = Aut(G) and Out(G, N ) = Out(G).
For a subset X in G, C G X is the centraliser and N G X the normaliser of X in G. X is called self-normalising in G if and only if X coincides with its normaliser in G. If G acts on a set X, X G denotes the subset of X consisting of all elements fixed under the action of G.
Each group extension 1 → N → E j → F → 1 induces, by choosing a normalised section s : F → E (j • s is the identity and s(1) = 1) and via conjugation in E, a Proof. The reader only has to verify that the kernel of the abstract kernel induced by 1 → N → E → F → 1 is isomorphic to C E N/ Z(N ) . Lemma 1.3. Let G be a group and 1 → N → E j → F → 1 an admissible group extension. If f : E → G is a group homomorphism such that its restriction f | N to N is injective and j(Ker(f )) is finite, then f itself is injective.
Proof. Obviously, an element x in the kernel of f is a torsion element of E, since j(Ker(f )) is finite and f | N is injective. Moreover, for each n ∈ N , f | N (xnx −1 ) = f (xnx −1 ) = f (n) = f | N (n) or x ∈ C E N (since f | N is injective). Hence, since 1 → N → E → F → 1 is admissible, x = 1.
Model aspherical manifolds and their fiber preserving homeomorphisms
An aspherical manifold M is a closed, connected manifold whose universal covering is contractible. The starting point for the study of these spaces was the work of Hurewicz ([Hur36] ). An aspherical manifold is a K(E, 1)-space: all higher homotopy groups are trivial, but the fundamental group π 1 (M ) ∼ = E ( [Bro82, §I.4] ). An interesting class of aspherical manifolds are those arising from Seifert fiber space constructions, sometimes called model aspherical manifolds. Let us review the main aspects of this method (see also [KLR83] , [Mal96] , . . . ).
Assume L is a connected and simply connected Lie group. A discrete subgroup N of L is a lattice of L if and only if N is cocompact (that is, N \L is compact)
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For a lattice N of L, we say that (N, L) has the Unique Automorphism Extension Property (UAEP) if and only if each automorphism of N extends uniquely to an automorphism of L. Consequently, there is an inclusion Aut(N ) → Aut(L) and a morphism Out(N ) → Out(L).
Assume W is a reasonable (e.g. connected, simply connected, paracompact ANR) topological space and such that L × W is a manifold. Write H(W ) for the homeomorphism group of W and M(W, L * ) for the group of continuous mappings W → L with multiplication: for λ 1 , λ 2 ∈ M(W, L * ) and for each w ∈ W ,
is referred to as the group of fiber preserving self-homeomorphisms of L × W compatible with left translations.
We say that a properly discontinuous action ρ : F → H(W ) of a group F on W has the L-Seifert property if and only if for every extension 1 → L → E → F → 1 (inducing an abstract kernel ψ : F → Out(L)), there exists a homomorphismΨ making the following diagram commutative:
and such thatΨ is unique up to conjugation by elements of M(W, L * ). A quadruple (N, E, ρ, W ) is called an L-set of data if and only if N is a lattice in L such that (N, L) has UAEP and N is a normal subgroup of E such that ρ : F = E/ N → H(W ) is a properly discontinuous action of F on W having the L-Seifert property. For example, if L is nilpotent and L contains a lattice N , then for every extension 1 → N → E → F → 1 and every properly discontinuous action
If L is solvable, with connected center and if N is a lattice in L such that (N, L) has UAEP, then for every extension 1 → N → E → F → 1 and every properly discontinuous action ρ of
For an L-set of data (N, E, ρ, W ), a Seifert construction is a homomorphism Ψ : E → H f (L × W ) making the following diagram commutative:
is well determined by the extension 1 → N → E → F → 1 and the UAEP of (N, L)). This Seifert construction concept has the following three important properties:
Existence. For each L-set of data (N, E, ρ, W ), there exists a Seifert construction (here the UAEP of (N, L) is crucial).
Uniqueness-1. Let (N, E, ρ, W ) be an L-set of data and fix an embedding :
Then, a Seifert construction Ψ with respect to this embedding is unique up to conjugation by elements of M(W, L * ).
Uniqueness-2. Assumeĝ ∈ Aut(N ). Let Ψ and Ψ be Seifert constructions for the same L-set of data (N, E, ρ, W ), but corresponding resp. to embeddings ,
Rigidity. Let (N, E, ρ, W ) be an L-set of data. Assume θ : E → E is an automorphism inducing automorphismsθ : N → N andθ : F → F such that there exists a homeomorphism h ∈ H(W) for which µ(h) • ρ = ρ •θ. Then, for each Seifert construction Ψ for this set of data, there exists a fiber preserving homeomorphism
is an admissible set of data (that is, 1 → N → E → F → 1 is admissible), then, because of Lemma 1.3 (note that the kernel of ρ is finite), E acts effectively on L × W (via Ψ). Remark also that E acts with compact quotient if and only if F acts with compact quotient on W . So, if W and L are contractible, F \W is compact and if E is torsion-free, then the given set of data determines a K(E, 1)-manifold M = E\(L × W ). We refer to this Seifert fiber space as the model aspherical manifold (with typical fiber N \L and F \W as its base) associated to the L-set of data (N, E, ρ, W ).
Many families of aspherical manifolds arising in this way, from an L-set of data (N, E, ρ, W ), have been studied in the literature before. We refer to
W is a point and ρ is the trivial action,
an almost-Bieberbach group), W is a point and ρ is the trivial action,
for infra-solvmanifolds of type (R): L is solvable of type (R), N is of finite index in E, W is a point and ρ is the trivial action.
Write H f (M ) for the group of homeomorphisms of a model aspherical manifold M , associated to an L-set of data (N, E, ρ, W ), whose liftings to the universal cover
Elements of H f (M ) are called the fiber preserving homeomorphisms of M . Such liftings automatically belong to the normaliser of
A periodic map of the model aspherical manifold M is a (non-trivial) element of finite order in H f (M ). In fact, H f (M ) can also be seen as the group of homeomorphisms of M arising from conjugation in N f = N H f (L×W ) (E). We denote the corresponding epimorphism, with kernel isomorphic to E, by q :
3. Rigid model aspherical manifolds arising from a splitting and faithful set of data Our interest goes to model aspherical manifolds M without periodic maps, or equivalently, admitting no non-trivial finite groups of fiber preserving homeomorphisms acting effectively on M . In fact, we have the following sufficient condition: 
The semidirect product E = N ξ Z is a complete, torsion-free polycyclic group of Hirsch length 7 (see also [Rob80] ). If L denotes the Mal cev completion of N , which is a connected, simply connected nilpotent Lie group containing N as a lattice and such that (N, L) has UAEP ([Mal51]), W = R and Z acts on R as translations (via ρ), then (N, E, ρ, W ) is an L-set of data determining a 7-dimensional model aspherical (solv)manifold with no periodic maps (because of Theorem 3.1).
Remark that the Z-automorphism θ sending z ∈ Z → −z and the R-homeo-
The set of eigenvalues of ξ, as an L-automorphism, are exactly the eigenvalues of the matrices A = 
Inspired by this example, we define the following:
is rigid if and only if the action
Definition 3.5. An L-set of data (N, E, ρ, W ) is faithful if and only if the abstract kernel ψ : F → Out(L), induced by 1 → N → E → F → 1 and the UAEP of (N, L), is injective.
The following observations are rather elementary but nevertheless interesting:
Proof. This follows easily from Lemma 1.2.
Of crucial importance, however, is
Proof. Let Ψ be a Seifert construction for the faithful L-set of data (N, E, ρ, W ).
is torsion-free, Ψ is injective (Lemmas 1.3 and 3.6). Consider e = (n, x) ∈ E (n ∈ N , x ∈ F ) as an element (λ, g, h) ∈ Ψ(E) and assume e ∈ l(L). Then g ∈ Inn(L) and hence ψ(x) = 1. Because of the injectivity of ψ, it follows that e ∈ N .
For this subclass of model aspherical manifolds M (rigid and arising from a faithful set of data), we will investigate when M admits no effective actions of any non-trivial finite group, or equivalently, when M exhibits no periodic maps. We take off from the following result:
is a commutative diagram of exact rows and columns.
Proof. We already remarked that the kernel of the epimorphism q :
is isomorphic to E, which yields the middle column. Each element (λ, g, h) of N f induces, via conjugation in E, an automorphism in Aut(E, N ) since, for each n ∈ N , µ(λ, g, h)(n, µ(n), 1) = (g(n), µ(g(n)), 1) and g(n) ∈ E ∩ L = N because of Lemma 3.7 (Z(N ) is torsion-free as subgroup of E). WriteΦ : N f → Aut(E, N ) for this group homomorphism. Obviously, the kernel ofΦ equals C H f (L×W) (E). We claim thatΦ is onto.
If Ψ is a Seifert construction for the set of data (N, E, ρ, W ), then, because of the rigidity of Seifert constructions,
Remark 3.9. The following example shows that the above theorem does not hold for a general (not necessarily faithful) set of data, as the image of an element of N H f (L×W ) (E) underΦ is not necessarily in Aut(E, N ). Hence, it also indicates that Theorem 3.3 of [KLR83] should be formulated more carefully.
Example 3.10. Consider the short exact sequence 1
) is a Seifert construction for the R 2 -set of data (N, E, ρ, W ). However, the affine transformation
) normalises E but does not restrict to an automorphism of N , as
An interesting situation arises when the short exact sequence 1 → N → E → F → 1, associated to an L-set of data (N, E, ρ, W ), can be embedded into a splitting extension of L by F . 
In this case, there is a natural action of
Of crucial importance here is that
Proof. Fix a section s : F → E of the short exact sequence 1 → N → E → F → 1. This induces, via conjugation in E, a lift ϕ : F → Aut(N ) of the abstract kernel ψ : F → Out(N ). Since any other lift of ψ differs from ϕ by inner automorphisms of N , it is enough to prove the claim for this specific ϕ .
Consider x ∈ F and let e = s(x) ∈ E. Seen as an element of L ϕ F , we can write e = (l x , x), for some l x ∈ L. We verify that, for each n ∈ N :
That both maps coincide on the whole of L follows from the UAEP of (N, L).
This implies
Corollary 3.14. If (N, E, ρ, W ) is a ϕ-splitting and faithful L-set of data, then
Now, for a suitable L-set of data (N, E, ρ, W ), the centraliser of E in H f (L × W ) can be described as follows:
. This section also induces a 2-cocycle c : F × F → N satisfying, for each x, y ∈ F , c(x, y) · l xy = l x · ϕ(x)(l y ).
Write Ψ : E →H f (L×W ) for the map sending (n, x) ∈ E → (n·l x , µ(n·l x ) ϕ(x), ρ(x)). We claim that Ψ is a homomorphism. Obviously, since Ψ(n, x) = Ψ(n, 1)Ψ(1, x) (for all n ∈ N and x ∈ F ), it is sufficient that Ψ((1, x)(1, y)) = Ψ(1, x)Ψ(1, y), for any x, y ∈ F :
Moreover, if ψ : F → Out(L) denotes the homomorphism induced by the extension 1 → N → E → F → 1 and the UAEP of (N, L), then, because of Lemma 3.13, the following diagram is commutative:
Hence Ψ is a Seifert construction for the L-set of data (N, E, ρ, W ). Now, concentrate on the centraliser of Ψ(E) ∼ = E (Ψ is injective, as the set of data is admissible) in
Hence, a necessary condition for (λ, g, h) to belong to C H f (L×W) Ψ(E) is that g is the identity on N and hence on L (via UAEP). Moreover, for all x ∈ F ,
We deduce that (λ, 1, h)
As a consequence of Propositions 3.8 and 3.15, we have 
is exact.
Hence, because of Borel's Theorem (Theorem 3.2), it follows that

Corollary 3.17. Assume M is a rigid model aspherical manifold associated to a splitting and faithful L-set of data (N, E, ρ, W ). Then, if E is centerless, the semi-
Problem 3.18. Under the conditions of Corollary 3.17, L is torsion-free (as L is connected and contractible) and hence M(W, L * ) F is without torsion. We invite the reader to formulate a straightforward argument (that is, without referring to Borel's theorem) to show that C H(W ) (ρ(F )) is torsion-free.
Conversely, we have
Lemma 3.19. Let (N, E, ρ, W ) be an admissible and splitting L-set of data such that 1 → N → E → F → 1 realises an injective abstract kernel. Assume Z(L) is connected and torsion-free. If
Proof. Assume the center of E is not trivial. Since 1 → N → E → F → 1 induces an injective abstract kernel, Z(N ) F = Z(E) (Lemma 1.1). Because Z(L) is an abelian, connected and torsion-free Lie group, Z(L) is isomorphic to the vector space
F / Z(E) contains a non-trivial torus and there
Now we are ready to formulate, for a subclass of model aspherical manifolds M (arising from "nice" sets of data), an equivalent algebraic condition for there to be no effective actions of non-trivial finite groups on M (or M is without periodic maps). Remark that the first statement is Theorem 3.1, but now for model aspherical manifolds. 
Proof. The first statement follows easily from Proposition 3.16 and Corollary 3.17. If H f (M ) is torsion-free, it follows from Lemma 3.19 (the abstract kernel induced by 1 → N → E → F → 1 is injective by Lemma 3.6) that E is centerless (note that, at this point, we have already proved the final claim). Now, assume there is an element f ∈ H f (M) such that Φ(f ) k = 1, for some k ∈ N 0 . Take the finite subgroup G of Out(E, N ) generated by Φ(f ) and consider the short exact sequence
where A is the preimage of G under Φ. It is given that this extension splits and hence H f (M ) has torsion.
Centerless extensions realising an injective abstract kernel and their automorphisms
To apply Theorem 3.20, it is necessary to be able to decide when a group E, fitting into an extension 1 → N → E → F → 1 realising an injective abstract kernel F → Out(N ), is centerless, and when moreover Out(E, N ) is torsionfree. In [IM94] , commutative diagrams were developed to describe Aut(E, N ) and Out(E, N ). We briefly recall the theoretical set-up to construct these fundamental automorphism diagrams, and refer to [IM94] for more details.
Assume 1 → N → E → F → 1 is a group extension compatible with an injective abstract kernel ψ : F → Out(N ) and determining a cohomology class a ∈ H 
where the quotient Q equals
In the following proposition, we characterise algebraically centerless groups E, fitting into an extension with kernel N and realising an injective abstract kernel, such that Out(E, N ) is trivial. 
, and the first two claims follow easily from (1) and (2).
Assume F is self-normalising in Out(N ). Then, because of the definition of M ψ , it follows that M ψ = M ψ,a = ψ(F ) and M ψ,a = M ψ . Moreover, for each ν ∈ M ψ we have p(ν)= ψ(x ν ) for some x ν ∈F , and hence ν
(F ). Since this centraliser is in ψ(F ), p(ν) belongs to ψ(F ) and consequently F is self-normalising in Out(N ).
Let us remark the following about the situation M ψ,a = M ψ . 
and fitting into the extension 1 → N → E → Z 2 → 1, where
Obviously, the center of N is the subgroup generated by c, and since Z 2 acts nontrivially on it, H 2 (F, Z(N )) = {1}, although E is clearly torsion-free.
Let us now concentrate on the crucial necessary condition that H 0 ψ (F, Z(N )) and H 1 ψ (F, Z(N )) both vanish. In this perspective, the following is interesting: Lemma 4.3 ([Rob80]). Let F be a nilpotent group or an extension of a cyclic group by a cyclic p-group. Assume A is a finitely generated free abelian F -module.
Because of proposition 4.1.5 and remark 4.2, this implies that The following lemma implies that there are no centerless extensions E (realising an injective abstract kernel), with kernel N (such that Z(N ) is finitely generated and torsion-free) and a finite p-group as end group, such that Out(E, N ) is torsionfree (because of Proposition 4.1.1).
Lemma 4.5. If F is a finite p-group and
Proof. By assumption we have that (
The orders c i of the orbits of this action are powers of p. At least one c i is 1 (namely the orbit of the identity). However, c i = p k , which implies that at least one other c i is 1 or there is a fixed point.
Remark 4.6. Unfortunately, this lemma does not hold for a wider class of finite groups. Indeed, even for cyclic groups this result is, in general, not true anymore.
For example, let F be the cyclic subgroup of Gl(2, Z) generated by
The reader can easily verify that H 0 (F, Z 2 ) and H 1 (F, Z 2 ) both vanish.
Model aspherical manifolds with a point as base
An interesting situation where rigid model aspherical manifolds M arise quite naturally is when we consider L-sets of data (N, E, ρ, W ), where W is a point (W = {·}), ρ is the trivial action and N is of finite index in E.
Then the group of fiber preserving homeomorphisms of L compatible with left translations is L * Aut(L). Here L * is the group with underlying set L but the multiplication * is given by reversing the order of the elements. This group is clearly isomorphic to the classical affine group Aff(
Write Aff(M ) for the group of homeomorphisms of M whose liftings to the universal cover L belong to Aff(L).
As a consequence of Proposition 3.16 and Theorem 3.20, we have Theorem 5.1. Assume M is a model aspherical manifold arising from a splitting and faithful L-set of data (N, E, ρ, {·}), where F = E/ N is finite and ρ is the trivial action. Then Let us now concentrate on the following rather well known classes of rigid model aspherical manifolds arising from a splitting and faithful set of data, and see if we can apply the theorem above.
5.1. Infra-solvmanifolds of type (R). Let L be a connected, simply connected solvable Lie group. Assume L is of type (R). That is, for each element x of the Lie algebra of L, ad(x) has only real eigenvalues. It is well known that the center of L is connected, and if N is a lattice in L, (N, L) has UAEP ([Gor71], [Gor73] ).
Assume E is a torsion-free extension of a lattice N in L by a finite group F . Then E can be embedded into Aff(L) via a Seifert construction (arising from the L-set of data (N, E, ρ, {·}), where ρ is trivial). The model aspherical manifold M = E\L arising from such a set of data is called an infra-solvmanifold M of type (R).
If E is a finite extension of a lattice N in L, then E ∩ L is a lattice in L and a characteristic subgroup of finite index in E ([Lee95, Prop.4.2]). Hence, without loss of generality, we can assume that N is the translation subgroup E ∩ L of E. Remark that (N, E, ρ, {·}) is a splitting L-set of data since each extension of L by a finite group splits ([Lee95, Lemma 2.1]). Moreover, for this particular set of data, also the converse of Lemma 3.7 holds:
. Assume ψ(x) = 1. Then α is an inner automorphism of L (and hence has only positive real eigenvalues ([Dek97])). On the other hand, since F is finite, α is an automorphism of finite order (which has, if α is not the identity, at least one eigenvalue which is not a positive real number ([Dek97])). It follows that α must be the identity or x = (g, 1) ∈ E ∩ L = N and x = 1.
We conclude that each infra-solvmanifold M of type (R) arises from a splitting and faithful L-set of data (N, E, ρ, {·}), where F = E/ N is finite and ρ is trivial. Moreover, since L is a simply connected exponential Lie group, the Lie subgroup L F is again connected and simply connected. This guarantees that each finite extension of L F splits ([Lee95, Lemma 2.1]), and we conclude that Remark 5.4. We should note that a straightforward and independent proof of this theorem follows from [Lee95] : If π 1 (M ) had a non-trivial center, M would admit a non-trivial affine torus action. Hence, π 1 (M ) must be centerless. If now Z p ⊆ Out(π 1 (M )), for some p, then there always exists an (admissible) extension 1 → π 1 (M ) → E → Z p → 1 realising this faithful abstract kernel. Therefore, Z p , as a subgroup of Out(π 1 (M )), lifts to an effective affine action, and this contradicts the assumption.
5.2. Infra-nilmanifolds and flat Riemannian manifolds. Let L be a connected and simply connected, nilpotent Lie group. Let C be a maximal compact subgroup of Aut(L). An almost-crystallographic group (of L) is a discrete and uniform subgroup E of L C ⊂ Aff(L). The translation subgroup N = E ∩ L is a lattice in L and is the unique normal subgroup of E which is maximal nilpotent ( [Aus60] ). Moreover, in [Dek96] , it was shown that N is maximal nilpotent in E if and only if the induced abstract kernel
Hence, the finite quotient F , which is called the holonomy group, acts faithfully on L (Corollary 3.14).
As an abstract group, a group E is almost-crystallographic if and only if it contains a torsion-free, finitely generated nilpotent normal subgroup N of finite index, which is maximal nilpotent in E ( [LR84] ). Then N is the Fitting subgroup of E ( [Seg83] ). In this case the Lie group L is the Mal cev completion of N . The corresponding extension 1 → N → E → F → 1 is called essential. A basic fact concerning essential extensions is that they induce an injective abstract kernel ( [DIM93] ). Also observe that N is characteristic in E.
If E is torsion-free, then E is called an almost-Bieberbach group and the corresponding compact orbit space M = E\L is an infra-nilmanifold. Therefore, almost-Bieberbach groups are exactly the fundamental groups of infra-nilmanifolds. Clearly, this set-up is a straightforward generalisation of the classical crystallographic (resp. Bieberbach) groups and flat Riemannian manifolds (i.e. the situation L = R n ) and, on the other hand, infra-nilmanifolds are infra-solvmanifolds of type (R). Because of Theorem 5.1, we have Again there is an independent proof of this theorem, with the same argument as in Remark 5.4, but now referring to some well-known results presented in [KLR83] . Remark 5.7. In case M is a flat Riemannian manifold (L is abelian), the condition L F = {1} is known to be equivalent to Z(π 1 (M )) = {1} ([HS86]), or Aff(M ) = {1} if and only if π 1 (M ) is complete. However, in general this is no longer valid and should be adapted. We refer to [IM96] , where a generalised equivalent algebraic (and easier to verify) condition for L F = {1} is presented.
Let us now look for centerless (almost-)Bieberbach groups with torsion-free outer automorphism group. First, we present a low-dimensional example of a complete crystallographic group, unfortunately with torsion:
Example 5.8. Let F be the subgroup of GL(2, Z) generated by , i.e. the dihedral group of order 12. Let E be the corresponding semi-direct product Z 2 F , which is a 2-dimensional crystallographic (but not Bieberbach!) group fitting into an essential extension 1 → Z 2 → E → D 6 → 1. One easily verifies that F is self-normalising in GL(2, Z) and acts without fixed points on Z 2 . Moreover, we leave it as an exercise to check that H 1 (F, Z 2 ) is also trivial and hence E is complete (Proposition 4.4).
In fact, we will never find a complete Bieberbach group with D 6 as holonomy group. Indeed, assume 1 → N → E → F → 1 is an essential extension with abelian kernel N and let the holonomy group F be nilpotent or an extension of a cyclic group by a cyclic p-group. Then, asking that H 0 (F, N ) and H 1 (F, N ) vanish implies that H 2 (F, N ) = {1} (Lemma 4.3). But then, 1 → N → E → F → 1 splits and E has torsion. In other words, because of Proposition 4.1.1, Because of some well-known results concerning primitive holonomy groups (finite groups which occur as holonomy group of a centerless Bieberbach group, see e.g. [HS86] , [Szc90] ), Proposition 5.9 enables us to decide that, up to dimension 5, there are no centerless Bieberbach groups with torsion-free outer automorphism group.
Remark 5.11. An analogous observation cannot be made for almost-Bieberbach groups. If E fits into an essential extension 1 → N → E → F → 1 and ψ is the induced abstract kernel, then H 2 ψ (F, Z(N )) being trivial, in general, does not imply that E has torsion (as we already mentioned in Remark 4.2).
Therefore, because of Lemma 4.5, we only know that Proposition 5.12. There is always a non-trivial finite group of affine diffeomorphisms acting effectively on an infra-nilmanifold with a p-group as holonomy group.
Unfortunately, at this moment, no examples of complete (almost-)Bieberbach groups or centerless (almost-)Bieberbach groups with torsion-free outer automorphism group are known to the author. Therefore, we conjecture that infra-nilmanifolds always admit a periodic map: 
